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ABSTRACT

Our system in this research depends on using the idea of the generalized closed sets in ordinary topological
spaces for identification of the generalized closed fuzzy sets with its different types. Also trying for elucidation
of the equivalent topological characters to transfer it to the fuzzy setting and elucidation of new results and
theories, which we did not get before. We studied these types of the generalized closed fuzzy sets in one united

study by entering, what we call, the @y — g —closed fuzzy sets where ¢ and -
v } and represent the type of fuzzy closure operator and the fuzzy open set respectively. In

p={ “

belong to the family

similar way, we united the study of different notions of fuzzy mappings.

This study is characterized by the flexability where it is possible to enter new types or characters for all those
types in the future by using the five different types of fuzzy closure operators and open fuzzy sets.

Keywords: @y - g -closed, F'R, -space, FR,-space, fuzzy ¢~ - g -continuous, fuzzy ¢~ - g -irresolute.
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1. INTRODUCTION

In 1970, Levine introduced the notion of generalized
closed sets in topological spaces as a generalization of
closed sets. Since then, many concepts related to
generalized closed sets were defined and investigated. In
1997, Balasubramanian and Sundaram introduced the
concepts of generalized closed sets in fuzzy setting. Also,
they studied various generalizations fuzzy continuous
mappings.

Recently, El-Shafei and Zakari (2005, 2007a&b) and
Zakari (2005) introduced new types of generalized closed
fuzzy sets in fuzzy topological spaces and studied many
their Also,
generalizations of fuzzy continuous mappings.

of properties. they studied various

In the present paper, we introduce the concept of ¢y -
g -closed, where ¢ represents a closure operator, and
represents a notion of generalized openness. By this way,

we study each possible pairing of generalized closed
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fuzzy sets in a unified way. Also, we introduce many of
fuzzy generalized continuous mappings in a unified way.

2. PRELIMINARIES

Let X beasetand 7 the unitinterval. A fuzzy setin
X is an element of the set of all functions from X into
I . The family of all fuzzy sets in X is denoted by 7 .
A fuzzy singleton x, is a fuzzy set in X defined by
x,(x)=1, x,(y)=0 forall y=x, te(0,1]. The set of
all fuzzy singletons in X is denoted by S(X). For every
x, €S(X) and uel”, we define x, € u iff £<u(x).
A fuzzy set p is called quasi-coincident with a fuzzy set
p, denoted by uqp, iff there exists x e X such that
u(x) + p(x)>1.If u is not quasi-coincident with p
then we write 1qp. By cl(u), int(u), ¢, N(x,7)
and N,(x,,7), we mean the fuzzy closure of x, the
fuzzy interior of u the complement of u , the class of all
open neighborhoods of x; and the class of all open Q -
neighborhoods of X; .
Definition 2.1 (Ganguly and Saha, 1986 and
Mashhhour et al., 1982). A fuzzy subset x of a fuzzy
topological space (X ,7) is called:
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(i) semi-open iff x < cl(int(x)).
(ii) preopen iff u < int(cl()).
(iii) o -open iff u < int(cl(int(x))).

The complement of a semi-open (resp. preopen, « -
open) fuzzy set is called a semi-closed (resp. preclosed,
a -closed).

The « -closure of x e % , denoted by ¢/, (x), is the
smallest « -closed fuzzy set containing x .

Definition 2.2 (Ganguly and Saha, 1986&1988,
Kandil, 1990). Let (X ,z) be a fuzzy topological space,
x,€S(X)and uel”™ . Then:
(i) The &-closure of x4, denoted by clg(y), is defined
by:
x, ecly (,u) iff cl(n)q,u foreach 7 e NQ(xt,r).
(i) The & -closure of x, denoted by c¢/;(x), is defined
by:
x, € clg(u) iff int(cl(n))q u foreach n e NQ(x,,z').
(iii) The semi-closure of 4 , denoted by ¢/, () is defined
by:
x, €cl (,u) iff nqu foreach 5 e NQ(x,,SOF(X)).
Where SOF(X) denotes the class of all fuzzy semi-
open setsin X .
(iv) i is called @-closed (resp. o -closed, semi-closed)

iff = cly(u) (resp. = cls(u), p=cl(u)).

Definition 2.3 (kandil and El-Shafei, 1988). A fuzzy

topological space (X ,7) is called:

(i) FR, iff x,qcl(y,) implies that there exist
neN(x,,r)and ve N(y,,r) such that ngv.

(if) FR, or F -regulariff x,g A , A is closed fuzzy set
implies that there exist e N(x,,7) and ver,
A <v suchthat ngo.

Definition 2.4 (Kandil et al., 1990). Let (X,7) be a

fuzzy topological space and zel” . Then:

(i) The family y = {77]. : jeJ}gr is called an open
P -cover of u iff for every x,eu there exists
Jo €Jsuchthat x, en; .

(if) u is called a C -set iff every open P -cover of u
has a finite subcover .
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Definition 2.5 (Balasubramanian and Sundaram,
1997, El-Shafei and Zakari, 2005, 2007a&b, Zakari,
2005). Let (X,7) be a fuzzy topological space. A fuzzy
set wel”™ iscalled:
(i) a generalized closed (g -closed, for short) iff
cl(u) < n whenever 1 <7 and 7 is open fuzzy set .
(if) a semi-generalized closed (sg -closed, for short) iff
cl, (,u)ﬁ n whenever u <n and 7 is semi-open fuzzy
set .
(i) a generalized semi-closed ( gs -closed, for short) iff
cl (1) <n whenever u <7 and 7 is open fuzzy set.
(iv) a o -generalized closed (g -closed, for short) iff
cl, (1) < whenever u <5 and 7 is open fuzzyset .
(v) a &-generalized closed ( 8g-closed, for short) iff
cly(1) < n whenever x4 <7 and 7 is open fuzzy set .
(vi) a ¢ -generalized closed ( 5g-closed, for short) iff
cls(1) < n whenever u <n and 7 is open fuzzy set .
(vii) a weakly @-generalized closed (W6g-closed, for
short ) iff cl,(u)<#n whenever u <7 and 7 is 6-open
fuzzy set .
(viii) a weakly & -generalized closed (Ws&g-closed, for
short) iff cl;(x) <7 whenever <7 and 7 is & -open
fuzzy set .

The known relationships between the types of
generalized closed fuzzy sets listed in the above
definition can be summarized in the following diagram.

gs -Closed «— sg -c?sed

ag -closed semi-closed

o -closed

closed

——» 0 -closed
Og-closed \—1—» Sg-closed

N

W6g-closed g -Closed WSg-closed.

We address two general questions. Each generalization in
the above definition involves a fuzzy closure operation
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and a notion of "openness". Specifically, each definition

involves either ¢/, cl,, cl,, cl,, clgof uel”

a!

together with 7 being either open, « -open, semi-open,

Rl

6 -open or ¢ -open. The first question, which arises from
these definitions, is: do any new classes of generalized
closed fuzzy sets exist if we consider every possible
pairing of the five fuzzy closure operations mentioned
above with the five notions of openness? In order to study
each possible pairing in a unified way, we introduce the
term gy - g -closed, where ¢ represents a fuzzy closure
operation and  represents a notion of generalized
openness. Surprisingly, in most cases, we obtain new
characterizations of existing classes. These cases provide
new insights into the nature of generalized closed fuzzy
sets. The second question we consider is: are the
implications represented in the diagram the only
implications which apply in general? As a consequence
of answering these two questions, we derive new
relationships between different types of ¢ - g -closed
fuzzy sets which characterize certain fuzzy topological
spaces.

3. A unified approach: ¢y - g -closed fuzzy sets

In the following we denote closed (resp. semi-closed)
by 7 -closed (resp. s-closed), and c/(x) by cl, (u) for
UuE 1%, whenever it is convenient to do so. Similarly,
we denote open (resp. semi-open) by z -open (resp. s-
open). Let P={z,a,5,0,5 }.
Definition 3.1. Let (X,z) be a fuzzy topological space
and ¢, € P. A fuzzy subset ue ¥ iscalled oy -g -
closed if ¢l (u)<n whenever p<pand 7 is
w —open.
Remark 3.2. Note that each type of generalized closed
fuzzy sets in the Definition 2.5 is defined to be gy - ¢ -
closed for some ¢, € P. Namely; a fuzzy set u is:
(i) g-closediffitis 7z - g -closed.
(i) ag -closed iff itis ar - g -closed.
(iii) sg -closed iff it is ss - g -closed.
(iv) gs -closed iff itis $7 - g -closed.
(v) Og-closed iff itis 07 - g -closed.
(vi) WOg-closed iff itis 660 - g -closed.
(vii) og-closed iff itis o7 - g -closed.

(viii) wég-closed iff it is 00 - g -closed.
Remark 3.3. We denote the class of all ¢ -open fuzzy
sets on X by z,. Also, we denote the class of all ¢ -
open neighborhoods (resp. Q -neighborhoods) of x, by
Nlx,.z,) (resp. Nylx,.z,)), where x, eS(x) and
peP.
Lemma 34. If (X,7) is a fuzzy topological space,
uel® and pe{r,a,s}, then x, eclgo(,u) iff 7794
for each 7€ Ny (x,.7,, ).
Proof. Straightforward.
Lemma 3.5. If (X,7r) is a fuzzy topological space,
HE 1%, then:
(i) cl, (1) < cl(u), pelas}
(i) of (u)<el,(u), pei0.5}.
Proof. Straightforward.
Theorem 3.6. Let (X,7) be a fuzzy topological space
and ¢,y e P. Then every ¢s-g-closed fuzzy set is
oy - g -closed.
Proof. Obvious.

The converse of Theorem 3.6 is not true, in general,
by the following necessary counter example.
Example 3.7. Let X={x,y}, t={0y,y5.1yx} If
u=05and p=5, y=0.Then u is gy - g -closed,
since the only y -open superset of u« is I, .But u is
not ¢s - g -closed.
Theorem 3.8. Let (X,z) be a fuzzy topological space
such that for every x, € S(X) either x, is ¢ -open or x,
is w -closed. Then every ¢w - g -closed fuzzy subset of
X is ¢ -closed forany g,y e P.
Proof. Suppose that for every x, € S(X) either x, is ¢-
open or x, is w-closed and let zeI* be pw-g-
closed. If x, g u, we consider the following two cases:
Case 1. x, is ¢-open. Then x,° is ¢-closed. Since
x,qu, then x, e u¢. Since x,° is ¢-closed, then
clw(,u)s cl(p(xf)z x; . This shows that x,ﬁcl(p(,u).
Therefore u is ¢ -closed.
Case 2. x, is y -closed. Then x, is w -open. Since
x,qu, then x, e u°. Since u is @y - g -closed, then
cl, (1) < x{ and hence x, g cl,(u). Therefore s is ¢-
closed.

The converse of the above theorem is not true as we
can see from the following example.
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Example 3.9. Let X:{x },
r={0y.{x, - Ae(002]0[071)}, 1y} 1f 9=0,
w =7, then every @ - g -closed fuzzy subset of X is
@ -closed. But x,, neither ¢ -open nor y -closed.
Theorem 3.10. Let (X,7) be a fuzzy topological space
such that for every x, e S(X) either x, is nowhere dense
or preopen. Then a fuzzy subset ¢ of X is ¢ -g-
closed iff itis ¢s - g -closed, forany g e {z,a,s }.
Proof. By Theorem 3.6, every ¢s - g -closed fuzzy set is
pa - g -closed for any ¢ € P . To show the converse, let
uel® be pa-g-closed and 1 <7 where 7 is semi-
open. If x,gn, then u <n < x, . We consider the two
cases:
Case 1. x, is nowhere dense, then c/(int(c/(x, )))<x, and
hence x, is «-closed and therefore x,° is « -open.
Since u is ga - g -closed, we have cl,,(u) < x,°. Thus
x, qcl, (12).
Case 2. x, is preopen, then x, < int(cl(x,)). Since 7 is
semi-open, we have cl(7) = cl(int(n)). Therefore we
obtain the following:
cl,(u) < cl(p) < cl(n) = cl(int(n)) < cl(int(xtc» = (int(cl(x,))) »
for any pel{r.a.s}. So cl,(u)gint(cl(x,)) and hence
x, qcl, (12).

In either case, c/,(x)<n and hence x is ¢s-g-
closed.
Theorem 3.11. Let (X,7) be a fuzzy topological space,
uel® and peP, !//6{7,6,5}. Then u is oy -g-
closed iff for every x, e S(X) such that x, gcl,(u) we
have ¢/, (x,)qu.
Proof. Let x,qcl, (1) and suppose that cl,, (x,)7 p.
Since ¢/, (x,) is v -closed fuzzy set, y € {r,6,5 }, then
(cly,(x, ))”e z, . Since u < (cly, (x[ ))‘ and u is oy -g-
closed, then f,,(x) < (¢, (x,))¢ and so eI, (x, )7 cl, ()
which implies that x, 7 cl,, (). This is a contradiction.

Conversely, let n be w-open and wu<np. If
x,qcl,(u), then by assumption cf,,(x,)qu. Hence
there exists y e X such that ¢/, (x, )(y) +u(y) > 1. Put
cl, (x,)(¥)=¢. Then y, e cl, (x,) and y,qu. Thus
pqx, for each penN,yly,.z,). Since y,qn, then
nqx, and so cl(p(,u) <n.Thus u is gy - g -closed.
Theorem 3.12. Let (X,7) be a fuzzy topological space
and let e I*.Then u is gy - g -closed if there is no
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any non-empty i -closed fuzzy set A such that 1q u
and Agcl, (1), forany pe P, ye{r.0,6}.

Proof. If 4 is not @y - g -closed, then there exists v -
open fuzzy set » such that u <7 and cf,(u)% 7. Put
A =n°, then A is y -closed fuzzy set such that 1g u
and Agcl,, (u). This is a contradiction.

Conversely, suppose that there is a non-empty v -
closed fuzzy set A such that g u and Aqcl,, (), since
peP, ye{r,0,6}. Then there exists some x, € A
such that x, gcl,, (1). Since 41 is gy - g -closed, then by
Theorem 3.11, ¢/, (x,)q 1 and hence cl,,(4)q p. Since
A is w-closed, then we have Agu. This is a
contradiction.

Theorem 3.13. Let (X ,7) be FR, -space and let z e I~
be C-setin X .Then u is gy - g -closed fuzzy set iff it
is 7y - g -closed forany pe{6,6}, yeP.

Proof. Put ¢ = @, and let (X,z) be an FR, -space and
4 is a C-set in X. We have to prove that

cl(u) = cl,(u). Let x, gcl(u). Since u= v y,, then
yeeu

cl(,u):cl[ v y,)z v cl(yr) and hence xﬁcl( ,)
yreu yeen

for every y, e u. Since (X ,7) is FR, -space, then there
exist 7 € N(x,,z) and sv e N(y,,z) such that ngov for
every y, € u. The family {v :ve N(y,,7)} is an open
P -cover of p. Since p is C -set, then there exists a
finite subcover, say , {v; :i=1I..n}. Moreover if

p=vvy, and o= Arn;, then UeN(xt,z'), oqp
= i=1

i=1 !
and so cl(o)gp. Since u<p, we have cl(o)gu,

x,t?cle(,u).
From Lemma 3.5(ii), we have

oeN(x,z) and hence Therefore

cl(p) < ely(p).

cl(u) = elp(u).
When ¢ = &, then the proof is similar to the above case.

Theorem 3.14. Let (X,7) be FR,-space. Then pe ™

is gy - g -closed fuzzy set iff it is 7y - g -closed for any
€{0,6} andany yeP.

Proof. Put ¢ = @, and let (X,z) be an FR,-space and

uel®. We have to prove that cl(u)=cl,(u). Let

x,gcl(u). Since (X,7) is FR,-space and cl(u) is

closed, then there exist two open fuzzy sets 7, v such
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that n e N(x,,7), cl(u)<v and ngv. So n<v° and
hence cl(7)<ov°. This means that, there exists
neN(x,z) such that ci(y)gv, ie., there exists
neN(x,r) such that c/()gu and so x,gcly(u).
Therefore cly(u) < cl(u). From Lemma 3.5(ii), we have
cl(p) = elg(u).

When ¢ = &, then the proof is similar to the above
case.
Lemma 3.15. Let (X,7) be a fuzzy topological space
and u,nel”. Then cl(p(,u vi)= cl(p(,u)v cl(p(n), for
any pe{r,0,6}.
Proof. Straightforward.
Theorem 3.16. The finite union of @y - g -closed fuzzy
sets is o - g -closed, for any ¢@e{z,6,6} and any
vebl.
Proof. Suppose that 1,7 € I* are gy - g -closed fuzzy
sets such that @ € {7,0,5 |, w € P and let v be y -open
that Then
cl,(u)vel,(n)<v. From Lemma 3.15 we have

fuzzy set such uvnsLo.
cl,(uvn)<v.Hence uvn is py - g -closed.
Lemma 3.17. Let x be a preopen fuzzy subset of a
fuzzy topological space (X 7). Then cl,,(u) = cl(u), for
any pe{a,0,6}.
Proof. Let x be a preopen fuzzy set. We consider the
following two cases:
Case 1. ¢ = . Then ¢l (u) = cl(u), since p is closed
iff 1 is « -closed.
Case 2. ¢p=06. Let x,gcl(u), then there exists
veN(x,,7) that ovgqu,
ve N(x,,z) such that v < x°. But u is preopen, so
clv) = cl(int(v)) < cl(l’nt(yc»s 4. This implies that
cl(v)g 2. Then x, g cl,(u). Therefore cly(u) = cl(u).
When ¢ = &, then the proof is similar to the above

such i.e. there exists

case.

Theorem 3.18. Let x be a preopen fuzzy subset of a
fuzzy topological space (X,z). Then u is zy-g-
closed fuzzy set iff it is ¢@w-g-closed, for any
pel{a,0,6} andany yeP.

Proof. It is an immediate consequence of Lemma 3.17.
Lemma 3.19. Let (X,7) be a fuzzy topological space.
Then cl,(u)=cl (u), for any wer and any
pel{r,0,5}.
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Proof. Straightforward.

Theorem 3.20. Let (X,7) be a fuzzy topological space
and pel®, @we{r,0,6}. Then the following
conditions are equivalent:

(i) u is gy - g -closed.

(if) u is y -open = u is ¢ -closed.

Proof. (i) = (ii) Suppose that e I is y -open fuzzy
set. By (i), we have cl,(u)< u and hence u is ¢-
closed.

(i) = (i) Suppose that u eI~ . We have to prove that
uis gy - g-closed. Let u <7, since n w -open fuzzy
subset of X . From (ii), n is ¢ -closed and hence 7 -
closed and 7 -open. By using Lemma 3.19, we have
cl(p(,u) < cl(p(n) = cl(n) =1n. Therefore u is oy -g-
closed.

4. A unified approach: ¢y - g -continuous mappings
Definition 4.1 (Balasubramanian and Sundaram,
1997). A fuzzy mapping f : (X,7)—(Y,4) is called
fuzzy generalized continuous (fuzzy g -continuous, for
short) iff /() is g -closed in X for any closed fuzzy
setn inY.
Definition 4.2. A mapping f : (X,z)— (Y, 4) is called:
(i) fuzzy ¢y - g -continuous iff the inverse image of
every closed fuzzy setin Y is gy - g -closed in X .
(ii) fuzzy @y -continuous iff the inverse image of every
w -closed fuzzy setin Y is ¢ -closed in X .
(iii) fuzzy @y - g -irresolute iff the inverse image of
every oy - g -closed fuzzy setin Y is ¢ - g -closed in
X.
(iv) fuzzy ¢ -closed iff the image of every ¢ -closed
fuzzy setin X is ¢ -closedin Y.
(v) fuzzy ¢ -open iff the image of every ¢ -open fuzzy
setin X is ¢ -openin Y.
Theorem 4.3. Every fuzzy @ -continuous mapping is
fuzzy @y - g -continuous, ¢ € P and y € {T,a,s }
Proof. Suppose that eI’ is closed fuzzy set. Then u
is  -closed for every y e{r,a,s}. Since f is fuzzy
@ -continuous, then f~'(u) is ¢ -closed in X, pe P
and hence /~/(u) is gy - g -closed in X .

The converse of Theorem 4.3 is not true, in general,
by the following necessary counterexample.
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Example 4.4. Let X =Y = {x} and let z be a fuzzy
topology in Example 3.11, A= {0y,x,4.Iy }. If p =5,
w=t1, then the mapping
f:(X,7)>(Y,4) is fuzzy pw - g -continuous but not

identity  fuzzy

fuzzy @ -continuous. Note that A = x,, is y -closed
fuzzy setin Y but not ¢ -closed in X .
Theorem 4.5. Every fuzzy @ - g -irresolute mapping is
fuzzy oy - g -continuous, for any ¢ e {z,a,s} and any
webl.
Proof. Suppose that z eI’ be closed fuzzy set in Y.
Then u is gy - g -closed for any ¢ e {r,a,s} and any
welP. Since f is fuzzy ¢y -g-irresolute, then
f(u) is gy -g-closed in X and hence f is fuzzy
@y - g -continuous.

The converse of Theorem 4.5 is not true as we can see
from the following example.
Example 4.6. If we consider the identity fuzzy mapping
f:(x,r)>(Y,4) of Example 4.4, then f is fuzzy
@y - g -continuous  but not fuzzy ¢ - g -irresolute.
Note that 4 = x,; is ¢y - g -closed fuzzy set in ¥ but
not g - g -closed in X .
Theorem 4.7. If a fuzzy mapping f : (X,7)— (Y, 4) is
bijective, fuzzy w -open and fuzzy ¢ - g -continuous,
then f is fuzzy gy - g -irresolute for any ¢ e {r,6,5}
andany weP.
Proof. Let A be a gy - g -closed fuzzy setin ¥ and let
f(A)<n, where 7 is w-open fuzzy set in X.
Clearly, A< f(n). Since f(n) is w -open fuzzy set in
Y and 4 is gy - g closed, then c/,,(4) < f(») and thus
f"(cl(p(/i))s n. Since f is fuzzy @y - g -continuous
cl,(4) is p-closed fuzzy setin ¥, pe{r,0,5}, then
Vs (cl,/,(/l)) is ¢gp-g-closed in X and hence
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