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ABSTRACT 

Our system in this research depends on using the idea of the generalized closed sets in ordinary topological 
spaces for identification of the generalized closed fuzzy sets with its different types. Also trying for elucidation 
of the equivalent topological characters to transfer it to the fuzzy setting and elucidation of new results and 
theories, which we did not get before. We studied these types of the generalized closed fuzzy sets in one united 
study by entering, what we call, the −− gϕψ closed fuzzy sets where ϕ  and ّ  belong to the family 

{ Ρ=لن{  and represent the type of fuzzy closure operator and the fuzzy open set respectively. In 
similar way, we united the study of different notions of fuzzy mappings.  

This study is characterized by the flexability where it is possible to enter new types or characters for all those 
types in the future by using the five different types of fuzzy closure operators and open fuzzy sets. 

Keywords: ψϕ - g -closed, 1FR -space, 2FR -space, fuzzy ّϕ - g -continuous, fuzzy ّϕ - g -irresolute. 
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1.  INTRODUCTION 

 
In 1970, Levine introduced the notion of generalized 

closed sets in topological spaces as a generalization of 
closed sets. Since then, many concepts related to 
generalized closed sets were defined and investigated. In 
1997, Balasubramanian and Sundaram introduced the 
concepts of generalized closed sets in fuzzy setting. Also, 
they studied various generalizations fuzzy continuous 
mappings. 

Recently, El-Shafei and Zakari (2005, 2007a&b) and 
Zakari (2005) introduced new types of generalized closed 
fuzzy sets in fuzzy topological spaces and studied many 
of their properties. Also, they studied various 
generalizations of fuzzy continuous mappings.   

In the present paper, we introduce the concept of ψϕ -
g -closed, where ϕ  represents a closure operator, and ψ  
represents a notion of generalized openness. By this way, 
we study each possible pairing of generalized closed 

fuzzy sets in a unified way. Also, we introduce many of 
fuzzy generalized continuous mappings in a unified way.   

 
2. PRELIMINARIES 

 
Let X  be a set and I  the unit interval. A fuzzy set in 

X  is an element of the set of all functions from X  into 
I . The family of all fuzzy sets in X  is denoted by XI . 
A fuzzy singleton tx  is a fuzzy set in X  defined by 

( ) txxt = , ( ) 0yxt =  for all xy ≠ , ( ]1,0∈t . The set of 
all fuzzy singletons in X  is denoted by ( )XS . For every 

( )XSxt ∈  and XIµ ∈ , we define µ∈tx  iff ( )xµt ≤ . 
A fuzzy set µ  is called quasi-coincident with a fuzzy set 
ρ , denoted by ρµ q , iff there exists Xx ∈  such that 

( ) ( ) 1>+ xx ρµ . If µ  is not quasi-coincident with ρ , 
then we write ρµ q . By ( )µcl , ( )µint , cµ , ( )τ,xN t  
and ( )τ,xN tQ , we mean the fuzzy closure of µ , the 
fuzzy interior of µ  the complement of µ , the class of all 
open neighborhoods of tx  and the class of all open Q -
neighborhoods of tx . 
Definition 2.1 (Ganguly and Saha, 1986 and 
Mashhhour et al., 1982). A fuzzy subset µ  of a fuzzy 
topological space ( )τ,X  is called: 
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(i) semi-open iff ( )( )µ  µ intcl≤ . 
(ii) preopen iff ( )( )µ  µ clint≤ . 
(iii) α -open iff ( )( )( )µ  µ intclint≤ . 

The complement of a semi-open (resp. preopen, α -
open) fuzzy set is called a semi-closed (resp. preclosed, 
α -closed). 

The α -closure of XIµ ∈ , denoted by ( )µclα , is the 
smallest α -closed fuzzy set containing µ . 
 
Definition 2.2 (Ganguly and Saha, 1986&1988, 
Kandil, 1990). Let ( )τ,X  be a fuzzy topological space, 

( )XSxt ∈ and XI∈µ . Then: 
(i) The θ -closure of µ , denoted by ( )µθcl , is defined 

by: 
( )µθclxt ∈  iff ( ) µη qcl  for each ( )τη ,xN tQ∈ . 

(ii) The δ -closure of µ , denoted by ( )µδcl , is defined 
by: 

( )µδclxt ∈  iff ( )( ) µη qclint  for each ( )τη ,xN tQ∈ . 
(iii) The semi-closure of µ , denoted by ( )µscl  is defined 

by: 
( )µst clx ∈  iff µη q  for each ( )( )XSOF,xN tQ∈η . 

Where ( )XSOF  denotes the class of all fuzzy semi-
open sets in X . 
(iv) µ  is called θ -closed (resp. δ -closed, semi-closed) 
iff ( )µµ θcl=  (resp. ( ) ( )µ  µ µµ δ scl,cl == ). 
 
Definition 2.3 (kandil and El-Shafei, 1988). A fuzzy 
topological space ( )τ,X  is called: 
(i) 1FR iff )y(clqx rt  implies that there exist 

( )τη ,xN t∈  and ( )τυ ,yN r∈  such that υη q . 
(ii) 2FR  or F -regular iff λqxt , λ  is closed fuzzy set 

implies that there exist ( )τη ,xN t∈  and τυ ∈ , 
υλ ≤  such that υη q . 

 
Definition 2.4 (Kandil et al., 1990). Let ( )τ,X  be a 
fuzzy topological space and XI∈µ . Then: 
(i) The family { } τηγ ⊆∈= Jj:j  is called an open 

P -cover of µ  iff for every µ∈tx  there exists 
Jj0 ∈ such that 

0jtx η∈ . 
(ii) µ  is called a C -set iff every open P -cover of µ  

has a finite subcover . 
 

Definition 2.5 (Balasubramanian and Sundaram, 
1997, El-Shafei and Zakari, 2005, 2007a&b, Zakari, 
2005). Let ( )τ,X  be a fuzzy topological space. A fuzzy 
set XI∈µ  is called: 
(i) a generalized closed ( g -closed, for short) iff 

( ) ηµ ≤cl  whenever ηµ ≤  and η  is open fuzzy set . 
(ii) a semi-generalized closed ( sg -closed, for short) iff 

( ) ηµ ≤scl  whenever ηµ ≤  and η  is semi-open fuzzy 
set . 
(ii) a generalized semi-closed ( gs -closed, for short) iff 

( ) ηµ ≤scl  whenever ηµ ≤  and η  is open fuzzy set. 
(iv) a α -generalized closed ( gα -closed, for short) iff 

( ) ηµα ≤cl  whenever ηµ ≤  and η  is open fuzzyset . 
(v) a θ -generalized closed ( gθ -closed, for short) iff 

( ) ηµθ ≤cl  whenever ηµ ≤  and η  is open fuzzy set . 
(vi) a δ -generalized closed ( gδ -closed, for short) iff 

( ) ηµδ ≤cl  whenever ηµ ≤  and η  is open fuzzy set . 
(vii) a weakly θ -generalized closed ( gWθ -closed, for 
short ) iff ( ) ηµθ ≤cl  whenever ηµ ≤  and η  is θ -open 
fuzzy set . 
(viii) a weakly δ -generalized closed ( gWδ -closed, for 
short) iff ( ) ηµδ ≤cl  whenever ηµ ≤  and η  is δ -open 
fuzzy set . 

The known relationships between the types of 
generalized closed fuzzy sets listed in the above 
definition can be summarized in the following diagram. 

 
gs -closed               sg -closed 

gα -closed               semi-closed 

α -closed 

closed 

θ -closed               δ -closed 

gθ -closed               gδ -closed 

gWθ -closed               g -closed               gWδ -closed. 

 
We address two general questions. Each generalization in 
the above definition involves a fuzzy closure operation 



Dirasat, Pure Sciences, Volume 35, No. 2, 2008 

- 65 - 

and a notion of "openness". Specifically, each definition 
involves either cl , αcl , scl , θcl , δcl of XI∈µ  
together with η  being either open, α -open, semi-open, 
θ -open or δ -open. The first question, which arises from 
these definitions, is: do any new classes of generalized 
closed fuzzy sets exist if we consider every possible 
pairing of the five fuzzy closure operations mentioned 
above with the five notions of openness? In order to study 
each possible pairing in a unified way, we introduce the 
term ϕψ - g -closed, where ϕ  represents a fuzzy closure 
operation and ψ  represents a notion of generalized 
openness. Surprisingly, in most cases, we obtain new 
characterizations of existing classes. These cases provide 
new insights into the nature of generalized closed fuzzy 
sets. The second question we consider is: are the 
implications represented in the diagram the only 
implications which apply in general? As a consequence 
of answering these two questions, we derive new 
relationships between different types of ϕψ - g -closed 
fuzzy sets which characterize certain fuzzy topological 
spaces. 

 
3. A unified approach: ϕψ - g -closed fuzzy sets 

In the following we denote closed (resp. semi-closed) 
by τ -closed (resp. s -closed), and ( )µcl  by ( )µτcl  for 

XI∈µ , whenever it is convenient to do so. Similarly, 
we denote open (resp. semi-open) by τ -open (resp. s -
open). Let { }δθατΡ ,,s,,= . 
Definition 3.1. Let ( )τ,X  be a fuzzy topological space 
and Ρψϕ ∈, . A fuzzy subset XI∈µ  is called ϕψ - g -
closed if ( ) ηµϕ ≤cl  whenever ηµ ≤ and η  is 

−ψ open. 
Remark 3.2. Note that each type of generalized closed 
fuzzy sets in the Definition 2.5 is defined to be ϕψ - g -
closed for some Ρψϕ ∈, . Namely; a fuzzy set µ  is:  
(i) g -closed iff it is ττ - g -closed.  
(ii) gα -closed iff it is ατ - g -closed.  
(iii) sg -closed iff it is ss - g -closed.  
(iv) gs -closed iff it is τs - g -closed.  
(v) gθ -closed iff it is θτ - g -closed.  
(vi) gWθ -closed iff it is θθ - g -closed. 
(vii) gδ -closed iff it is δτ - g -closed.  

(viii) gWδ -closed iff it is δδ - g -closed. 
Remark 3.3. We denote the class of all ϕ -open fuzzy 
sets on X  by ϕτ . Also, we denote the class of all ϕ -
open neighborhoods (resp. Q -neighborhoods) of tx  by 

( )ϕτ,xN t  (resp. ( )ϕτ,xN tQ ), where ( )XSxt ∈  and 
Ρϕ ∈ .  

Lemma 3.4. If ( )τ,X  is a fuzzy topological space, 
XI∈µ  and { }s,,ατϕ ∈ , then ( )µϕclxt ∈  iff µη q  

for each ( )ϕτη ,xN tQ∈ . 
Proof. Straightforward. 
Lemma 3.5. If ( )τ,X  is a fuzzy topological space, 

XI∈µ , then:  
(i) ( ) ( )µµϕ clcl ≤ , { }s,αϕ ∈  
(ii) ( ) ( )µµ ϕclcl ≤ , { }δθϕ ,∈ . 
Proof. Straightforward. 
Theorem 3.6. Let ( )τ,X  be a fuzzy topological space 
and Ρψϕ ∈, . Then every sϕ - g -closed fuzzy set is 
ϕψ - g -closed. 
Proof. Obvious. 

The converse of Theorem 3.6 is not true, in general, 
by the following necessary counter example. 
Example 3.7. Let { }y,xX = , { }X8.0X 1,y,0=τ . If 

5.0=µ  and s=ϕ , θψ = . Then µ  is ϕψ - g -closed, 
since the only ψ -open superset of µ  is X1 . But µ  is 
not sϕ - g -closed. 
Theorem 3.8. Let ( )τ,X  be a fuzzy topological space 
such that for every ( )XSxt ∈  either tx  is ϕ -open or tx  
is ψ -closed. Then every ϕψ - g -closed fuzzy subset of 
X  is ϕ -closed for any Ρψϕ ∈, . 

Proof. Suppose that for every ( )XSxt ∈  either tx  is ϕ -
open or tx  is ψ -closed and let XI∈µ  be ϕψ - g -
closed. If µqxt , we consider the following two cases:  
Case 1. tx  is ϕ -open. Then c

tx  is ϕ -closed. Since 
µqxt , then  c

tx µ∈ . Since c
tx  is ϕ -closed, then 

( ) ( ) c
t

c
t xxclcl =≤ ϕϕ µ . This shows that ( )µϕclqxt . 

Therefore µ  is ϕ -closed. 
Case 2. tx  is ψ -closed. Then c

tx  is ψ -open. Since 
µqxt , then c

tx µ∈ . Since µ  is ϕψ - g -closed, then 
( ) c

txcl ≤µϕ  and hence ( )µϕclqxt . Therefore µ  is ϕ -
closed. 

The converse of the above theorem is not true as we 
can see from the following example. 
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Example 3.9. Let { }xX = , 
( ] [ ){ }{ }XX 1,1,7.02.0,0:x,0 ∪∈= λτ λ . If θϕ = , 

τψ = , then every ϕψ - g -closed fuzzy subset of X  is 
ϕ -closed. But 4.0x  neither ϕ -open nor ψ -closed. 
Theorem 3.10. Let ( )τ,X  be a fuzzy topological space 
such that for every ( )XSxt ∈  either tx  is nowhere dense 
or preopen. Then a fuzzy subset µ  of X  is ϕα - g -
closed iff it is sϕ - g -closed, for any { }s,,ατϕ ∈ . 
Proof. By Theorem 3.6, every sϕ - g -closed fuzzy set is 
ϕα - g -closed for any Ρϕ ∈ . To show the converse, let 

XI∈µ  be ϕα - g -closed and ηµ ≤  where η  is semi-
open. If ηqxt , then c

tx≤≤ ηµ . We consider the two 
cases:  
Case 1. tx  is nowhere dense, then ( )( )( ) tt xxclintcl ≤  and 
hence tx  is α -closed and therefore c

tx  is α -open. 
Since µ  is ϕα - g -closed, we have ( ) c

txcl ≤µϕ . Thus 
( )µϕclqxt .  

Case 2. tx  is preopen, then ( )( )tt xclintx ≤ . Since η  is 
semi-open, we have ( ) ( )( )ηη intclcl = . Therefore we 
obtain the following:  

( ) ( ) ( ) ( )( ) ( )( ) ( )( )( )ct
c

t xclintxintclintclclclcl =≤=≤≤ ηηµµϕ , 
for any { }s,,ατϕ ∈ . So ( ) ( )( )txclintqcl µϕ  and hence 

( )µϕclqxt . 
In either case, ( ) ηµϕ ≤cl  and hence µ  is sϕ - g -

closed. 
Theorem 3.11. Let ( )τ,X  be a fuzzy topological space, 

XI∈µ  and Ρϕ ∈ , { }δθτψ ,,∈ . Then µ  is ϕψ - g -
closed iff for every ( )XSxt ∈  such that ( )µϕclqxt  we 
have ( ) µψ qxcl t . 
Proof. Let ( )µϕclqxt  and suppose that ( ) µψ qxcl t . 
Since ( )txclψ  is ψ -closed fuzzy set, { }δθτψ ,,∈ , then 

( )( ) ψψ τ∈c
txcl . Since ( )( ) c

txclψµ ≤  and µ  is ϕψ - g -
closed, then ( ) ( )( ) c

txclcl ψϕ µ ≤  and so ( ) ( )µϕψ clqxcl t  
which implies that ( )µϕclqxt . This is a contradiction. 

Conversely, let η  be ψ -open and ηµ ≤ . If 
( )µϕclqxt , then by assumption ( ) µψ qxcl t . Hence 

there exists Xy ∈  such that ( )( ) ( ) 1yyxcl t >+ µψ . Put 
( )( ) εψ =yxcl t . Then ( )txcly ψε ∈  and µε qy . Thus 

txqρ  for each ( )ψε τρ ,yNQ∈ . Since ηε qy , then 

txqη  and so ( ) ηµϕ ≤cl . Thus µ  is ϕψ - g -closed. 
Theorem 3.12. Let ( )τ,X  be a fuzzy topological space 
and let XI∈µ . Then µ  is ϕψ - g -closed if there is no 

any non-empty ψ -closed fuzzy set λ  such that µλ q  
and ( )µλ ϕqcl , for any Ρϕ ∈ , { }δθτψ ,,∈ . 
Proof. If µ  is not ϕψ - g -closed, then there exists ψ -
open fuzzy set η  such that ηµ ≤  and ( ) ηµϕ ≤/cl . Put 

cηλ = , then λ  is ψ -closed fuzzy set such that µλ q  
and ( )µλ ϕqcl . This is a contradiction. 

Conversely, suppose that there is a non-empty ψ -
closed fuzzy set λ  such that µλ q  and ( )µλ ϕqcl , since 

Ρϕ ∈ , { }δθτψ ,,∈ . Then there exists some λ∈tx  
such that ( )µϕqclxt . Since µ  is ϕψ - g -closed, then by 
Theorem 3.11, ( ) µψ qxcl t  and hence ( ) µλψ qcl . Since 
λ  is ψ -closed, then we have µλ q . This is a 
contradiction. 
Theorem 3.13. Let ( )τ,X  be 1FR -space and let XI∈µ  
be C -set in X . Then µ  is ϕψ - g -closed fuzzy set iff it 
is τψ - g -closed for any { }δθϕ ,∈ , Ρψ ∈ . 
Proof. Put θϕ = , and let ( )τ,X  be an 1FR -space and 
µ  is a C -set in X . We have to prove that 

( ) ( )µµ θclcl = . Let ( )µclqxt . Since ry
y

r µ
µ

∈
∨= , then 

 
( ) ( )r

y
ry

yclyclcl
rr µµ

µ
∈∈
∨≥⎟

⎠
⎞

⎜
⎝
⎛ ∨=  and hence ( )rt yclqx  

 
for every µ∈ry . Since ( )τ,X  is 1FR -space, then there 
exist ( )τη ,xN t∈  and s ( )τυ ,yN r∈  such that υη q  for 
every µ∈ry . The family ( ){ }τυυ ,yN: r∈  is an open 
P -cover of µ . Since µ  is C -set, then there exists a 
finite subcover, say , { }n,...,1i:i =υ . Moreover if 
 

i

n

1i
υρ

=
∨=   and i

n

1i
ησ

=
∧= , then ( )τσ ,xN t∈ , ρσ q   

 
and so ( ) ρσ qcl . Since ρµ ≤ , we have ( ) µσ qcl , 

( )τσ ,xN t∈  and hence ( )µθclqxt . Therefore 
( ) ( )µµ θclcl ≤ . From Lemma 3.5(ii), we have 
( ) ( )µµ θclcl = . 

When δϕ = , then the proof is similar to the above case. 
Theorem 3.14. Let ( )τ,X  be 2FR -space. Then XI∈µ  
is ϕψ - g -closed fuzzy set iff it is τψ - g -closed for any 

{ }δθϕ ,∈  and any Ρψ ∈ . 
Proof. Put θϕ = , and let ( )τ,X  be an 2FR -space and 

XI∈µ . We have to prove that ( ) ( )µµ θclcl = . Let 
( )µclqxt . Since ( )τ,X  is 2FR -space and ( )µcl  is 

closed, then there exist two open fuzzy sets η , υ  such 
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that ( )τη ,xN t∈ , ( ) υµ ≤cl  and υη q . So cυη ≤  and 
hence ( ) ccl υη ≤ . This means that, there exists 

( )τη ,xN t∈  such that ( ) υη qcl , i.e., there exists 
( )τη ,xN t∈  such that ( ) µη qcl  and so ( )µθclqxt . 

Therefore ( ) ( )µµθ clcl ≤ . From Lemma 3.5(ii), we have 
( ) ( )µµ θclcl = . 
When δϕ = , then the proof is similar to the above 

case. 
Lemma 3.15. Let ( )τ,X  be a fuzzy topological space 
and XI, ∈ηµ . Then ( ) ( ) ( )ηµηµ ϕϕϕ clclcl ∨=∨ , for 
any { }δθτϕ ,,∈ . 
Proof. Straightforward. 
Theorem 3.16. The finite union of ϕψ - g -closed fuzzy 
sets is ϕψ - g -closed, for any { }δθτϕ ,,∈  and any 

Ρψ ∈ . 
Proof. Suppose that XI, ∈ηµ  are ϕψ - g -closed fuzzy 
sets such that { }δθτϕ ,,∈ , Ρψ ∈  and let υ  be ψ -open 
fuzzy set such that υηµ ≤∨ . Then 

( ) ( ) υηµ ϕϕ ≤∨ clcl . From Lemma 3.15, we have 
( ) υηµϕ ≤∨cl . Hence ηµ ∨  is ϕψ - g -closed. 

Lemma 3.17. Let µ  be a preopen fuzzy subset of a 
fuzzy topological space ( )τ,X . Then ( ) ( )µµϕ clcl = , for 
any { }δθαϕ ,,∈ . 
Proof. Let µ  be a preopen fuzzy set. We consider the 
following two cases: 
Case 1. αϕ = . Then ( ) ( )µµα clcl = , since µ  is closed 
iff µ  is α -closed. 
Case 2. δϕ = . Let ( )µclqxt , then there exists 

( )τυ ,xN t∈  such that µυ q , i.e. there exists 
( )τυ ,xN t∈  such that cµυ ≤ . But µ  is preopen, so 

( ) ( )( ) ( )( ) ccintclintclcl µµυυ ≤≤= . This implies that 
( ) µυ qcl . Then ( )µθclqxt . Therefore ( ) ( )µµθ clcl = . 
When δϕ = , then the proof is similar to the above 

case. 
Theorem 3.18. Let µ  be a preopen fuzzy subset of a 
fuzzy topological space ( )τ,X . Then µ  is τψ - g -
closed fuzzy set iff it is ϕψ - g -closed, for any 

{ }δθαϕ ,,∈  and any Ρψ ∈ . 
Proof. It is an immediate consequence of Lemma 3.17. 
Lemma 3.19. Let ( )τ,X  be a fuzzy topological space. 
Then ( ) ( )µµ τϕ clcl = , for any τµ ∈  and any 

{ }δθτϕ ,,∈ . 

Proof. Straightforward. 
Theorem 3.20. Let ( )τ,X  be a fuzzy topological space 
and XI∈µ , { }δθτψϕ ,,, ∈ . Then the following 
conditions are equivalent: 
(i) µ  is ϕψ - g -closed. 
(ii) µ  is ψ -open ⇒  µ  is ϕ -closed. 
Proof. (i) ⇒  (ii) Suppose that XI∈µ  is ψ -open fuzzy 
set. By (i), we have ( ) µµϕ ≤cl  and hence µ  is ϕ -
closed. 
(ii) ⇒  (i) Suppose that XI∈µ . We have to prove that 
µ  is ϕψ - g -closed. Let ηµ ≤ , since η  ψ -open fuzzy 
subset of X . From (ii), η  is ϕ -closed and hence τ -
closed and τ -open. By using Lemma 3.19, we have 

( ) ( ) ( ) ηηηµ ϕϕ ==≤ clclcl . Therefore µ  is ϕψ - g -
closed.   

 
4.  A unified approach: ψϕ - g -continuous mappings 
Definition 4.1 (Balasubramanian and Sundaram, 
1997). A fuzzy mapping ( ) ( )∆τ ,Y,X:f →  is called 
fuzzy generalized continuous (fuzzy g -continuous, for 
short) iff ( )η1f −  is g -closed in X  for any closed fuzzy 
set η  in Y . 
Definition 4.2. A mapping ( ) ( )∆τ ,Y,X:f →  is called:  
(i) fuzzy ϕψ - g -continuous iff the inverse image of 
every closed fuzzy set in Y  is ϕψ - g -closed in X . 
(ii) fuzzy ϕψ -continuous iff the inverse image of every 
ψ -closed fuzzy set in Y  is ϕ -closed in X . 
(iii) fuzzy ϕψ - g -irresolute iff the inverse image of 
every ϕψ - g -closed fuzzy set in Y  is ϕψ - g -closed in 
X . 

(iv) fuzzy ϕ -closed iff the image of every ϕ -closed 
fuzzy set in X  is ϕ -closed in Y . 
(v) fuzzy ϕ -open iff the image of every ϕ -open fuzzy 
set in X  is ϕ -open in Y . 
Theorem 4.3. Every fuzzy ϕψ -continuous mapping is 
fuzzy ϕψ - g -continuous, Ρϕ ∈  and { }s,,ατψ ∈ . 
Proof. Suppose that YI∈µ  is closed fuzzy set. Then µ  
is ψ -closed for every { }s,,ατψ ∈ . Since f  is fuzzy 
ϕψ -continuous, then ( )µ1f −  is ϕ -closed in X , Ρϕ ∈  
and hence ( )µ1f −  is ϕψ - g -closed in X . 

The converse of Theorem 4.3 is not true, in general, 
by the following necessary counterexample. 
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Example 4.4. Let { }xYX ==  and let τ  be a fuzzy 
topology in Example 3.11, { }Y8.0Y 1,x,0=∆ . If s=ϕ , 

τψ = , then the identity fuzzy mapping 
( ) ( )∆τ ,Y,X:f →  is fuzzy ϕψ - g -continuous but not 

fuzzy ϕψ -continuous. Note that 2.0x=λ  is ψ -closed 
fuzzy set in Y  but not ϕ -closed in X . 
Theorem 4.5. Every  fuzzy ϕψ - g -irresolute mapping is 
fuzzy ϕψ - g -continuous, for any { }s,,ατϕ ∈  and any 

Ρψ ∈ . 
Proof. Suppose that YI∈µ  be closed fuzzy set in Y . 
Then µ  is ϕψ - g -closed for any { }s,,ατϕ ∈  and any 

Ρψ ∈ . Since f  is fuzzy ϕψ - g -irresolute, then 
( )µ1f −  is ϕψ - g -closed in X  and hence f  is fuzzy 

ϕψ - g -continuous. 
The converse of Theorem 4.5 is not true as we can see 

from the following example. 
Example 4.6. If we consider the identity fuzzy mapping 

( ) ( )∆τ ,Y,X:f →  of Example 4.4, then f  is fuzzy 
ϕψ - g -continuous but not fuzzy ϕψ - g -irresolute. 
Note that 1.0x=λ  is ϕψ - g -closed fuzzy set in Y  but 
not ϕψ - g -closed in X . 
Theorem 4.7. If a fuzzy mapping ( ) ( )∆τ ,Y,X:f →  is 
bijective, fuzzy ψ -open and fuzzy ϕψ - g -continuous, 
then f  is fuzzy ϕψ - g -irresolute for any { }δθτϕ ,,∈  
and any Ρψ ∈ . 
Proof. Let λ  be a ϕψ - g -closed fuzzy set in Y  and let 

( ) ηλ ≤−1f , where η  is ψ -open fuzzy set in X . 
Clearly, ( )ηλ f≤ . Since ( )ηf  is ψ -open fuzzy set in 
Y  and λ  is ϕψ - g -closed, then ( ) ( )ηλϕ fcl ≤  and thus 

( )( ) ηλϕ ≤− clf 1 . Since f  is fuzzy ϕψ - g -continuous 
( )λϕcl  is ϕ -closed fuzzy set in Y , { }δθτϕ ,,∈ , then 

( )( )λϕclf 1−  is ϕψ - g -closed in X  and hence 

( )( )( ) ηλϕϕ ≤− clfcl 1 . Thus ( )( ) ηλϕ ≤−1fcl  and so 
( )λ1f −  is a ϕψ - g -closed in X . This shows that f  is 

fuzzy ϕψ - g -irresolute. 
Theorem 4.8. If a fuzzy mapping ( ) ( )∆τ ,Y,X:f →  is 
fuzzy ψψ -continuous and fuzzy ϕ -closed, XI∈µ  is 
ϕψ - g -closed in X , then ( )µf  is ϕψ - g -closed in Y  , 
for any Ρψϕ ∈, . 
Proof. Let µ  be ϕψ - g -closed in X  and ( ) ηµ ≤f , 
where η  is ψ -open in Y . Since ( )ηµ 1f −≤ , µ  is 
ϕψ - g -closed  in X  and since ( )η1f −  is ψ -open in 
X , then ( ) ( )ηµϕ

1fcl −≤ . Thus ( )( ) ηµϕ ≤clf . Hence 
( )( ) ( )( )( ) ( )( ) ηµµµ ϕϕϕϕ ≤=≤ clfclfclfcl , since f  is 

fuzzy ϕ -closed. Hence ( )µf  is ϕψ - g -closed in Y . 
Theorem 4.9. Let ( ) ( )∆τ ,Y,X:f →  and 

( ) ( )Ω∆ ,Z,Y:g →  be two fuzzy mappings. Then:  
(i) fog  is fuzzy ϕψ - g -continuous, if g  is fuzzy 
ϕψ -continuous and f  is fuzzy ϕψ - g -continuous, for 
any { }δθτϕ ,,∈  and any { }s,,ατψ ∈ . 
(ii) fog  is fuzzy ϕψ - g -irresolute, if g  is fuzzy ϕψ -
g -irresolute and f  is fuzzy ϕψ - g -irresolute, for any  

Ρψϕ ∈, . 
(iii) fog  is fuzzy ϕψ - g -continuous, if g  is fuzzy 
ϕψ - g -continuous and f  is fuzzy ϕψ - g -irresolute, 
for any Ρψϕ ∈, . 
Proof. (i) Let ZI∈µ  be closed fuzzy subset. Then µ  is 
ψ -closed for any { }s,,ατψ ∈ . Since g  is fuzzy ϕψ -
continuous, then ( )µ1g −  is ϕ -closed fuzzy set in Y  and 
hence closed, for every { }δθτϕ ,,∈ . Since f  is fuzzy 
ϕψ - g -continuous, then ( )( ) ( ) ( )µµ 111 foggf −−− =  is 
ϕψ - g -closed in X . Thus fog  is fuzzy ϕψ - g -
continuous. 

The prove of (ii) and (iii) are straightforward.  
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 دراسة موحدة للمجموعات الفازية المغلقة المعممة

 

  *الشافعي ومحمد عائشة زكري،
 

  ملخص
يعتمد منهجنا في هذا البحث على استخدام فكرة المجموعة المغلقة المعممة في الفراغات التوبولوجية العادية في تعريف 

على ا في الفراغات التوبولوجية الفازية وقد حصلنا  خصائصهلمعممة بأنواعها المختلفة واستنتاجالمجموعات الفازية المغلقة ا
وقد تناولنا في هذا البحث الأنواع المختلفة من المجموعات الفازية المغلقة المعممة في دراسة . نتائج جديدة في هذا الاتجاه

 المغلقة المعممة من موحدة نظراً لاشتراك أغلبها في معظم الخصائص وكان السبيل إلى ذلك تقديم مفهوم المجموعات الفازية
} تنتميان للمجموعة ϕ, ψ حيث )ϕψ generalized closed fuzzy sets)−ϕψالنوع  }δθατΡ ,,s,,= وتمثلان على 

 ةوبطريقة مماثلة قمنا بتوحيد دراسة المفاهيم المختلف.  الفازية المفتوحةالتوالي نوع مؤثر الإغلاق الفازي ونوع المجموعة
  .للرواسم الفازية

ومن الجدير بالذكر أن هذه الدراسة تفتح المجال لتقديم أنواع أخرى من المجموعات الفازية المغلقة المعممة باستخدام 
س النتائج المقدمة والتي قد تخضع لنف ومن المجموعات المفتوحة الفازية الأنواع الخمسة المختلفة من مؤثرات الإغلاق الفازية

  .في هذا البحث

  . المجموعة المغلقة المعممة، المجموعات الفازية المغلقة المعممة:الكلمات الدالة
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